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Abstract. A numerical optimization technigue is used to obtain low-energy
momentum transfer, j = 0 — 2 rotational and v = 0 — 1 vibrational, cross sections
from measured electron swarm data for parahydregen. The downhill simpiex
algorithm is used to find cross sections that represent the best numericat {i to the
measured slectron drift velocity and characteristic energy over a range of £/N.
These results, which are in excellent agreement with published cross sections
derived using traditional swarm analysis techniques, demonstrate the feasibility

of using automated computational algorithms for swarm analysis irvolving the

estimation of multiple cross sections.

1. Introduction

For nearly a century physicists have been deducing cross
sections for electron collisions with atoms and molecules
from electron transport measurements. This technique,
in which the drift velocity and diffusion coefficient of a
swarm of electrons in an electric field are measured and
a cross section is deduced using an approximate expres-
sion for the electron velocity distribution, was devised
by Townsend in 1908. The discipline is still known as
swarm physics. Until the invention of quantum me-
chanics enabled collision cross sections to be computed
theoretically, swarm analysis was the only means of ob-
taining such cross sections.

In the 1950s techniques using electron beams were
developed for measuring electron collision cross sec-
tions. Theoretical calculations and beam measurements
have been greatly improved and refined over the past 20
years. Despite this progress the technique of deducing
cross sections from electron swarm data is still very im-
portant, especially for low-energy cross sections below
several electron-volts. This has become an increasingly
active field in recent years due, for example, to the
desire for low-energy cross-sectional data on molecules
such as CH;, CF; or SiH, that are used in semicon-
ductor plasma processing and in switching applications
(Morgan 1992). In many ways swarm, beam and theo-
retical methods complement each other in the process
of developing sets of electron collision cross sections
for atoms and molecuies.

The transport coefficients for electrons moving in a
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gas under the influence of an externaily applied electric
field are related in a complicated and highly nonlinear
manner to the collision cross sections via Boltzmann’s
integro-differential equation. The development of tech-
niques for solving Boltzmann’s equation for the energy
distribution f(e) of electrons in a gas has enabled us
to derive cross sections from measured transport co-
efficients (Shkarofsky et af 1966, Huxley and Cromp-
ton 1974). The first sophisticated application of Boltz-
mann’s equation was performed in 1915 by Lorentz for
the problem of electron transport in metals. He ex-
panded the velocity distribution function in terms of
two spherical harmonics

f(v) = folv) + % - f1(v).

In 1916 Pidduck applied this technique to solving Boltz-
mann’s equation for the transport of electrons in a gas.

Much progress in measurement technique and in
analysis was made in the field from the 1920s to the
1940s by people such as Townsend, Ramsauer, Davydov,
Druyvesteyn, Allis and Huxley. Digital computers were
developed in the 1940s as was the field of numerical
mathematics that enabled the application of computing
machines to problems in physics and chemistry. By
the early 1960s digital computers had become available
to many university and industrial scientists. This was
the technology that enabled A V Phelps and his co-
workers (Frost and Phelps 1962, Phelps 1968) at the
Westinghouse Research Laboratories to make another
significant advance in swarm analysis.
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Applying the two-term spherical harmonic approx-
imation to Boltzmann’s transport equation, neglecting
spatial and temporal effects, and reducing the colli-
sion integral to a manageable form yields the following
second-order differential equation for fu(e) (Shkarof-
sky et al 1966, Huxley and Crompton 1974, Frost and
Phelps 1962):

HeE[NYd/de{efondfo/de}
+ d/de{(2mon /M) (fo(e) + kT dfo/de))
+Zéu[(€+€i)ds‘(f+ &) fole+ €)= eai(e) fo(€)]

- Z 8:i(go/gi)(e — «:)oi(e — €) fole — €}
+ eo;(€) fo( ). {1)

The electron impact cross sections involved are on(€),
the momentum transfer cross section, and {o;(¢)}, the
set of cross sections for wransitions from the ground
state to the various excited states {i}. & and §; are the
fractional populations of the ground and excited states
and go and g; are their respective statistical weights,
which cnter the equation when the principle of detailed
balance is used to cbtain de-excitation (superelastic)
rates in terms of the excitation (inelastic) cross sections.
Equation (1), about which much has been written over
the years, consists of terms describing electron energy
loss due to elastic collisions with gas molecules, energy
gain due to the electric field, energy gain due to the
gas molecules having temperature T, energy loss due
to inelastic collisions which cause transitions to the ex-
cited states of the gas molecules and energy gain due
to superelastic collisions (also known as collisions of
the second kind) which cause de-excitation of excited
molecular states.

Frost and Phelps (1962) used a digital computer to
numerically solve this equation for an accurate distri-
bution function and were able to develop a set of cross
sections for H; and N, consistent with measured swarm
data. Prior to the use of electronic computers the in-
elastic and superelastic terms were ecither ignored or
dealt with in a very approximate manner. The work of
Frost and Phelps began an era that has given us very ac-
curate momentum transfer and lower-energy (rotational
and vibrational) inelastic cross sections that have been
derived from measurements of the drift and diffusion of
electron swarms in gases. There have been a number
of refinements and advances in techniques for deal-
ing with Boltzmann’s equation, as well as refinement
of the measurement techniques to very high accuracy
by Crompton, Eliord and others at the Australian Na-
tional University. The methodology for obtaining cross
sections from swarm measurements has nevertheless re-
mained the same; this methodology has been reviewed
by Phelps (1968, 1987) and by Huxley and Crompton
(1974).

The cross sections are fundamental quantities de-
pending only on the energy of the incident electron
and the particular initial and final atomic or molecular
states. The swarm parameters, such as drift velocity,
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diffusion coefficients and excitation coefficients, are de-
rived quantities depending on the local environment of
the electron swarm. They are integrals over the product
of a cross section and the energy distribution fy(<) of
the electrons, which is the solution to Boltzmann’s trans-
port equation. Boltzmann’s equation, via the probability
density function fy(e), is a microscopic description of
the behaviour of electrons in a gas and is related via cer-
tain integrals to macroscopic transport coeflicients that
can be measured. The two most commonly measured
transport coefficients are the drift velocity, vq, and the
transverse diffusion coefficient, Dr, which are related to
fo(€) and the momentum transfer cross section, op(€)
by the following:

vs = —1(2e/m)*(E/N)
x [ (oue) do/de)ece (20)
i}

Dr = N(2e/m)"? [ (ou(e) M o(ede. @)

The drift velocity and diffusion coefficient sample differ-
ent aspects of fy(€) and, hence, represent two somewhat
independent pieces of information. Generally the quan-
tity Dr/p, the characteristic energy, is reported in the
literature, rather than Dy itself. For a Maxwellian dis-
tribution of electrons, where fp(€) x exp(—¢/kT,) an
electron temperature, T, can be defined and Einstein’s
relation Dv/u = kT, = 2{¢)/3 holds. Since the mean
electron energy (e) is not a measurable guantity (it is
usually computed by solving Boltzmann’s equation), the
characteristic energy is generally the only measure of
electron energy that we have.

Equation (1) does a remarkably good job of de-
scribing the transport of electrons under the influence
of an electric field in most gases. This equation, or a
more sophisticated version that goes beyond the two-
term expansion (for a summary of the state of the art
see Pitchford et al (1990)), is repeatedly solved in an
iterative process whereby one develops a set of cross
sections given a collection of transport coefficients. One
inserts model cross sections into the collision terms of
Boltzmann’s equation, calculates f(¢) and the swarm
coeflicients, alters the model cross sections and iterates
until an acceptable match between measured and com-
puted swarm coefficients is found. Clearly this iterative
process is very labour intensive. The experience of the
researcher plays an important role comparable to that
of the specific computational techniques used.

The use of numerical optimization algorithms has
been previously investigated (Morgan 1991a,b) as a
means of obtaining cross sections from clectron swarm
data. The techniques investigated include the down-
hill simplex (Morgan 1991a} and an artificial neural net-
work (Morgan 1991b). The numerical technique used in
this work is a multidimensional minimization algorithm
called a downhill or creeping simplex. This algorithm
manipulates the energy dependence of cross sections in
order to minimize the difference between computed and
measured transport coefficients. The iteration process



is as described above, but now a numerical optimiza-
tion algorithim has replaced the person modifying cross
sections by hand. The enabling technology for this ap-
proach is the existence of fast workstations, which have
the computational speed of supercomputers at a small
fraction of the cost.

The simplex algorithm has been applied to the prob-
lem of obtaining the momentum transfer, j = 0 — 2
rotational, and v = 0 — 1 vibrational cross sections in
para-hydrogen. Para-hydrogen was chosen because the
j = 1 and 7 = 3 rotational levels do not exist leaving
j=0—2and v=0— 1 as the only accessible colli-
sional channels for electrons of energy less than about
1.5eV.

Hydrogen, the simplest of the molecular gases, has
been the subject of electron collision research for many
years. It has been a test subject for theoretical cal-
culations, beam measurements, and swarm techniques
that has allowed refinement and comparison of these
techniques. The recent history of swarm analysis of
electrons in hydrogen has been discussed by Crompton
and Morrison (1987), Morrison et al (1987) and Buck-
man et al (1990). H, has been studied in great depth
from a swarm perspective by the research group at the
Australian National University. Their most recent fit of
the momentum transfer (oy), Totational (o), and vi-
brational { o) cross sections for hydrogen are reported
by England et af (1988).

H; is still of great interest to the atomic and molec-
ular physics community because of the well known
discrepancy between the swarm-derived, the beam-
measured and the theoretical cross sections for exci-
tation of H: (v = 1). The cross section as measured by
¢lectron beam methods, with which the computed cross
section is in agreement, is some 60% larger than the
swarm-derived cross section (Buckman et af 1990).

This paper is not an attempt to resolve the cross
section controversy, but a demonstration of a new com-
putational approach to swarm analysis that also shows
that the swarm-derived cross sections of England et al
(1988) are indeed very close to the best numerical fit
to the measured swarm coefficients. It provides no new
information with regard to the vibrational cross sec-
tion issue since the same form of Boltzmann’s equation
has been solved and the same swarm data used as in
previous analyses.

2. The downhill simplex algorithm

The downhill or creeping simplex algorithm (Nelder
and Mead 1965, Press e al 1986) is a very versatile
method for optimization problems of the kind where
we desire to find the minimum of a function of n vari-
ables, y = f(=x1,...,z,). A significant advantage of
this technique is that the derivatives of the function
being minimized are not needed, We can think of the
function f(=xi,...,z,) as defining an n-dimensional
surface in a space of n 4 1 dimensions. n + 1 points
on this surface then define what is called a simplex.

- Collision cross sections from slectron swarm data

Figure 1. Planar simplex on a three-dimensional surface
Y= f(X1 ,Xz).

High Point

~ o

-

~

Figure 2. Simplex transformations: {g) a contraction away
from the high point; {b) a reflection; (c} a reflection and
axpansion; (d) a contraction in all dimensions toward the
low paint.

In figure 1 is shown a picture of a surface defined by
y = f(x1,x2); it is easy to see that this simplex is a tri-
angle, ie. the three (non-collinear) points (=9, =3, y%),
(=}, 2z, 91) and («}, 2%, y?) determine two lines that
define a plane in three dimensions. This simplex, or
n-dimensional plane, is moved around on the surface
using several transformation rules Specifically, it can
be made to follow the contours of the surface always
moving ‘downward’ toward the lowest point. The trans-
formation rules are depicted in figure 2, which is based
on a similar figure in Press et al (1986). The possible
transformations comprise: (a) a contraction away from
the high point; (b) a reflection; (c) a reflection and ex-
pansion; (d) a contraction in all dimensions toward the
low point. Each iteration typically begins with operation
(c), which is followed by operation (d) if successful. Op-
erations (a) and then (d) follow. Linear combinations
of the points in the simplex, the best and worst points,
and the average of all the points are used in perform-
ing the transformations on the simplex. This ensures
that initially smooth functions (i.€. the cross sections in
our case) remain smooth functions throughout the min-
imization process. The result of these transformations
is that the simplex will creep downhill toward the mini-
mum of the surface. The simplex moves rapidly on steep
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surfaces. It may take a great humber of moves to reach
the minimum on a very gentle surface, such as the ‘rain
gutter’ part of the surface shown in figure 1, where «; is
large and O < «z < 1. The surface in figure 1 is actually
taken from a test calculation in which I was fitting a
cross section of the form o(¢; x1, 22) = 1€~ to drift
velocity ‘data’ computed using oxs{€) = oge~1/2, the
constant collision frequency cross section. It represents
the squared difference in drift velocities (equation (2a}),

y = (valowe(€); E/ N1 — valo(€; x1, z2); EfN1)?

for one value of E/N. Thus the minimum y = 0 in
the surface is at @1 = op and z, = —1/2.

We set up the simplex algorithm by making an initial
guess ¥ = f(z¥ 2%,...,2Y%) for the minimum and
generating n other guesses using a transformation, such
as y* = y¥ 4+ \;e; where e; is a unit vector. This yields
an (n+1)-dimensional simplex that is then manipulated
to minimize f(z). Ideally, the final result (to within
machine precision) is yum =y’ = y! = ... = y® and
Ty = &0 = ¢! = ... = z". That is, the simplex
reduces to a point on the surface.

When this method is applied to “the many-
dimensional problem of obtaining cross sections from
swarm data, what we minimize is the squared difference
between measured transport coefficients and those com-
puted using the cross sections that define the simplex
being manipulated. If vy and Dt/ are the measured
electron drift velocity and characteristic energy, respec-
tively, and w and ey are their computed counterparts for
a range of values of E /N, the function to be minimized

is:
_ [(E/N);] - val(E/N);]
x* Z [( val(E/N);] )

NECLIE Dr/u[(E/N)jl)z] _

Dr/el(E/N);] 2
There are = + 1 values of x?, each corresponding
to one of the n 4 1 sets of cross sections being
manipulated and each being a vertex of the simplex.
The set {x?} corresponds to the set {y‘} above and
each set of cross sections of = (oi,0f,.. ,0',,) =
(*(e1), o (€2)y. .., 0 (€n)) corresponds to an a* be-
longing to the set {z’} with 1 i< n+ 1.

The initial simplex is defined by choosing n + 1
trial cross section sets. Each cross section set is then
used to compute a distribution function fy(e), a set of
drift velocities w[( E/N);], and characteristic energies
ex[(£/N);] for a number of values of (E/N);. The
function x? is then minimized as described above. The
final result is the cross section set {o(¢;}}, 1€ i< n,
associated with the final simplex.

3. Calculations

Calculations have been performed using the technique
described above for gw(e), o (7 = 0 — 2), and
oy (v = 0 — 1) in para-hydrogen over the energy
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Figure 3. H; momentum fransfer cross saction: O,
present simplex resuits; @, results from swarm analysis by
England et al (1988); A, theory (Morrison ef af 1987).

range from 0 to 1.5 eV. The swarm coefficients, which
cover a range of E/N from 0.002 Td to 6 Td, have
been measured at a temperature of 77 K by Robert-
son (1971) {vq) and Crompton and McIntosh (1968)
(Dr/p). For EfN <« 0.008 Td we have only char-
acteristic energy data. In all 46 values of E/N were
used in these calculations. Boltzmann’s equation was
used in the two-term form given in equation (1) in-
cluding j = 2 — 0 superelastic collisions. The solution
technique is that described by Rockwood (1973) (sece
also Morgan and Penetrante 1990). The finite differ-
encing of equation (1} was performed on a 200-point
energy grid. Further discussion of aspects of solving
Boltzmann’s equation will appear below.

The number of energy points used in the cross sec-
tion determination was 25 for momentum transfer, 26
for rotation and 13 for vibration between zero or the
inelastic threshold and 1.5 eV; 64 points in all. The
simplex then consists of the function x? of equation (3)
at n -+ 1 = 65 independent points. The initial sim-
plex was generated by randomizing the Hs cross sec-
tions published by England e al (1988). The cross
sections op(¢€), oc(€) and oy(€) were multiplied by a
quadratic function ae? + B¢ + ~ having random coef-
ficients ¢, G and ~. In this way 65 independent sets of
smooth cross sections were generated. The calculation
then proceeded with the 65 cross section vectors being
manipulated as described above in order to shrink the
64-dimensional hyperplane defined by the values of x?
to a point at the minimum of the hypersurface. The
criterion for stopping the calculation was that the dif-
ference between the maximum and minimum 2 be less
than one part in 10°. The results of this minimization
procedure are shown in figures 3-5.

In figure 3 the momentum transfer cross section
determined by the simplex algorithm along with the
England et al (1988) swarm-derived cross section and
the cross section computed by Mortison et al (1987) are
plotted. The three results are nearly indistinguishable.
Figure 4 shows the 7 = 0 — 2 rotational excitation
cross sections as in figure 1. Above the 0.52 eV thresh-
old for v = 0 — 1 excitation England er al used the
theoretical rotational cross section computed by Mor-
rison et al, so those curves are identical. The simplex
algorithm, which is unconstrained, yields a somewhat
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Figure 4. Hx{j = 0 — 2) rotational excitation cross section:
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Figure 6. H,(v = 0 — 1) vibrational excitation cross
section; ©, present simplex results; @, resuits from swarm
analysis by England et af (1988); — — —, theory (Buckman
ot al 1990); A, beam measuraments (Buckman et af
1990).

smaller cross section although the effects of the differ-
ence on the computed swarm coefficients is very small.
Figure 5 shows the v = 0 — 1 vibrational cross sec-
tions determined by the simplex algorithm, derived from
swarm data by England et al, measured by Buckman et
al (1990) and computed theoretically (Buckman et al
1990). We see extremely good agreement between the
two swarm determinations; the difference between these
and the results obtained in beam measurements and by
theory is large by comparison.

The fractional differences between the computed
values of drift velocity and characteristic energy and
the measurements are shown in figures 6(a) and 6(b).
The absolute error bars claimed for these data are 1%
for vg and 2% for Drt/u. The point is made that
the relative errors among the vy points and among the
Dy /p points are much smaller. We see that, except at
the lowest values of E/N, the swarm coefficients lie
within one or two per cent of the measurements. The
fina] RMS difference between the calculations and the
measurements was 1.71%. At the smallest £/N the op-
timization algorithm tends to adjust the cross sections
in such a way that all the drift velocities are soméwhat
high and the characteristic energies are somewhat small.
In the simplex calculations x? was computed with drift
velocities and characteristic energies weighted equally,
as shown in equation (3). Since we have an estimate of
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Figure 6. Fractional differences (a) between drift velocities
and (b) between characteristic energies computed using
simplex derived cross sections and swarm measurements.

the experimental uncertainties it may be a reasonable
procedure in future calculations to weight the contri-
butions of the swarm coefficients by the reciprocals of
their uncertainties.

4. Discussion

These computational results demonstrate that a numer-
ical optimization algorithm, coupled with an appropri-
ate routine to solve Boltzmann’s equation, can yield
accurate cross sections for multiple inelastic processes.
That it can give very accurate momentum transfer cross
sections when eclastic scattering is the only process has
been shown elsewhere for argon (Brennan and Morgan
1992). The potential and limitations of this technique
are still being explored.

Because a calculation may entail numerically solv-
ing Boltzmann's equation thousands and even tens of
thousands of times, that is the part of the calculation
that determines the computing time nceded. Where
supetelastic collisions do not need to be included in the
calculation, and where the two-term approximation is
adequate, we can perform a direct numerical integration
of Boltzmann’s equation using the backward prolonga-
tion technique (Frost and Phelps 1962). This is quite
fast and very accurate. Superelastic collisions are more
problematical. The method used in these calculations
is a matrix formulation devised by Rockwood (1973).
Most of the time spent in such a calculation is in com-
puting the matrix coefficients that arises from the finite
differencing of Boltzmann’s equation. Consequently the
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computational time is proportional to the square of the
number of points on the emergy grid. Since the nu-
merical errors diminish as we add more points 1o the
encrgy prid, the choice of grid size is determined by bal-
ancing the acceptable accuracy against the acceptable
calculational fime. An additional factor is the speed
of the computer being used. Small calculations wus-
ing backward prolongation or direct integration can be
performed in hours to tens of hours on a fast personal
computer. Calculations with very accurate solutions of
Boltzmann’s equations (several thousand energy points)
and multiple cross sections take hours to tens of hours
on a workstation. The calculations presented here took
a total of about 50 hours of processor time on two dif-
ferent workstations. The first 20 hours were run on an
HP-730 and the last 30 on a DEC-5(X), the latter being
about 40% as fast as the former. The limiting time was
the time required to solve Boltzmann's equation. The
advantage of not having to include superelastic collisions
can be seen from the following comparison: a 500-point
solution of Boltzmann’s equation on the HP-730 takes
0.1 s per value of E/N using backward prolongation
and 3 s per E/N using the matrix solution. It is possi-
ble that an iterative solution of Boltzmann’s equation,
such as that devised by Gibson (1970), which can treat
superelastic collisions, may be faster than the matrix
solution.

In addition to the downhill simplex the use of
other optimization algorithms for obtaining cross sec-
tions from swarm data has been explored. These include
simulated annealing (Kirkpatrick et a/ 1983, Kirkpatrick
1984, Press, er al 1986), which is based on the cele-
brated Metropolis algorithm for Monte Carlo simulation
of a canonical ensemble, and artificial neural networks
(Hertz er al 1991, Morgan 1591b). Simulated anneal-
ing is, in principle, capable of solving any minimization
problem but is frequently quite slow, as has been found
for this type of problem. Neural networks, specifically
feed-forward, back-propagation networks, are machine
learning algorithms based on notions of how human
brains work. They are frequently finding use in pat-
tern recognition problems. The relationship between
transport coeflicients and cross sections can be cast as
such a problem (Morgan 1991b). Such networks can be
trained to recognize the relationship between o(¢) and
the pair of v4(E/N) and Dy/u(E/N) for a number
of different cross section functional forms and a range
of E/N so that when presented with swarm data not
in the training set they can give a reasonable estimate
of the energy-dependent cross section. This technique
has only been tested on some very simple cases and
requires much more research. At present the downhill
simplex is the most highly developed, robust and fastest
of the optimization algorithms that might be applied to
this problem.
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