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The adiabatic invariance method of calculating the rate coefficient &, (/,K) for hitting
collisions between ions and symmetrical top dipolar molecules in level (J,K) is formulated.
The rate coefficient for a particular quantum level does not depend on the rotational constant
A of the symmetrical top molecule. This facilitates parametrization of the results.
Representative results on NH, and CH,F including the thermal average k,, are presented. A
formula that Su and Chesnavich obtained for linear molecules reproduces &, for NH, and
CH,F quite well. Measured rate coefficients &, for reactive collisions between several species of
ion and NH, yield collision efficiencies k,/k,, that are rather less than unity and temperature
independent in the low temperature region. Corresponding results involving H,O suggest that

the linear molecule formula is useful even for an asymmetrical top molecule.

I. INTRODUCTION

The rate coefficients for ion-molecule collisions, var-
iously called hitting, intimate, close, capture, or orbiting (of
which the Langevin rate coefficient is the archtype) are of
interest primarily because the probability of many exother-
mic chemical reactions is almost unity in such collisions.
Their calculation is troublesome when the interaction is non-
spherical. For interactions of this type, rate coefficients have
been evaluated mainly by trajectory analysis (Dugan and
Magee,! Su and Chesnavich?); the average dipole orienta-
tion approximation (Su and Bowers®); the perturbed rota-
tional states (PRS) method (Takayanagi* and Sakimoto®);
variational rate theory (Chesnavich et a/.5); an average free
energy approach (Celli et al.”); and a quantal centrifugal
sudden approximation (Clary®).

We are here concerned with the adiabatic invariance
method proposed by Bates® and skillfully developed by Saki-
moto'® who applied it to linear dipole molecules and showed
that it gives good agreement with the more elaborate per-
turbed rotational states method. Bates and Menda$'! have
applied it to linear quadrapolar molecules. We shall use the
method to treat symmetrical top dipolar molecules.

fl. THEORY

Denote the two equal moments of inertia of the symmet-
ric top molecule by I, and the third moment of inertia by I,
and let (6, ¢, ¥) be the Eulerian angles. The kinetic energy of
rotation is then

T=1/2,(0%+ ¢*sin® 0] + 1/20, [+ d cos 6]> (1)

(cf. Landau and Lifshitz'?). The conjugate momenta indi-
cated by the subscripts are
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Po =16, 2)
P = (I, cos® 8 + I sin® )¢

+ (I, cos )p =m# (say), (3)
py=1,(+dcos6) =K#i (say), (4)

in which m and K are constants because ¢ and # are cyclic
coordinates. Combination of Eqgs. (1)—(4) yields

Bpy  B(m — K cos 6)2 ]
T= AK?], 5
[ # + sin’ 8 + )
where
A=#/21, and B=#/2I, (6)

are the rotational constants of the molecule. Following Saki-
moto,’? the effective contribution to the potential of the an-
gular part of the field is [E(r) — E( )] in which E(r) is
the energy of the molecule in this part. The permanent dipole
moment D lies along the axis of symmetry so that if an ion of
charge is distance r away,

E(r) =T+ Decos 8/P. (N

It is convenient to change the variable » to the dimen-
sionless x, where

Dex*=Br, ’ (8)
to introduce

v(x)=[E(r) — E(»)]/B ©)
and to put

cos f=p. (10)
Taking"

E(w)=B(J+1/2)*+ (4 - B)K?, (11)
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we find from Egs. (5) and (7) that
Po=nh [v(x) + (J+1/2)2—K?

—2 (m —kp) 212

-5 o .

The adiabatic invariance method of determining v(x)
exploits the result that

—px (12)

I= l/ﬂjpgdﬂ (13)

is a constant of the motion, the integration involved being
carried out over accessible 8, that is, over all @ when the axis
of the molecule rotates and over the range in which p,, is real
when the axis librates. Equation (13) may with advantage be
written

/
[ [ 1) (14
X 1—p
with
fpy=p® —p**[v(x) + (J + 1/2)?] —p[1 — 2mKx?]
+xX*[v(x) + (J+ 1/2)> — (m* + K?)]. (135)

The evaluation of I from Eq. (14) in the x— o limit is
simple. Letting |/ | be the larger of |K | and |m|, we obtain

I/i=J+172—|l|. (16)
On writing Eq. (15) in the form

flp)y=(p—a)(p—>b)(p—c) (17)
with

a>b>c, (18)

the integral involved for finite x may be expressed in terms of
the complete elliptic integrals of the first, second, and third
kinds (for which we adopt the notation of Milne-Thom-
son'*). From the derived expression for I /% and Eq. (16),
we get that

v(x) =m(J+1/2 = l|)(a —c)"*/2xK (q)
— (a—c)E(q)/x*K(q)

—{U+172)2—ax"2} + (ml—_IQiH(qu)
—c
(m + K)? /
_H " ,
+ Tte (P2Q)] 2K(q) (19)
in which
g=(b~—-c)Y/(a—c), py=(b—-c)/(1—0c),
pa=(c—=b)/(1+¢). (20)

Equation (19) allows v(x) to be computed by an iterative
procedure. Computation of dv/dx must also be performed.
Differentiation of Eq. (13) with respect to x and use of Leib-
nitz’s rule gives, after some reduction,
dv _3
—=2x""[(a—c)E(9)/K(q) —al. (21
dx
. Unexpectedly, Eq. (21) is identical with the corresponding
relation for the case of a linear molecule (obtained in the

same way by Sakimoto). Observe that Eq. (19) also applies
to linear molecules if we take K = 0 throughout.

Introducing the contribution from the ion-induced di-
pole interaction for a molecule of polarizability @ and the
centrifugal term for impact parameter b, in units (De/B)"/?,
in units B, we have that the effective potential is

Vg = —Px™* 4+ 9b*x~? + v(x) (22)
with

P=aB/2D">. (23)
Equation (22) shows that V; does not depend on the value
of the rotational constant 4 of the symmetrical top molecule.
Hence, neither does the hitting collision rate coefficient for a
particular quantum state. This curious lack of dependence
on A facilitates the presentation of some of the results.

The usual equation determining the separation at the
maximum of V_; gives
Lado,

2 dx

The energy of relative motion, which is just enough to enable
the maximum to be traversed, is

nb?=2Px"% + (24)

dv,

7= Ve +—xz— dxﬁ (22)
_4 X dv

= Px +7—dx+v(x). (26)

The cross section 7b ? for hitting collisions between ions
and polar symmetrical top molecules at energy of relative
motion 7 may be computed from Eq. (24), having first com-
puted x as a function of 7 from Eq. (26) by inverse interpola-
tion. Instead of giving the rate coefficient k, for hitting colli-
sions, it is neater to give the ratio k,/k; , where, if 1 is the
ion—molecule reduced mass,

k, =2m(ae’/u)'? (27

is the Langevin rate coefficient.'>!¢ we find that

kp/k, = [B 3/1rP(kT)3]”2fnb2

Xexp ( — 9B /kT)dy, (28)

T being the temperature. It may be noted that Eq. (27) may
be written

k, =234x107°@2 g="? cm®/s, (29)

the tilde over a and g indicating that these quantities are
here in the usual practical units (10~%* cm® and amu, re-
spectively).

lil. RESULTS AND DISCUSSION

Calculations have been carried out on collisions be-
tween ions and the symmetrical top molecules NH, and
CH,F taking the molecular constants to be as in Table I.
Representative results for the two molecules are presented in
Tables IT and III for the same value of the parameter
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TABLE 1. Molecular constants.

2613

Rotational constants
Polarizability (Ref. 17) Dipole moment (Ref. 17)
Species A B(cm™") a (107 cm®) D (1078 esu)
NH, 6.196 9.443 (Ref. 18) 2.26 1.47
CH,F 5.10 0.8496 (Ref. 17) 2.97 1.85

E=D/(2akT)'. (30)
The entries show that &, (J,K) at fixed K decreases as J is
increased and at fixed J increases as K is increased. Both
variations are more pronounced for NH, than for CH,F be-
cause the rotational constant B is much larger for the former
than for the latter. As already noted, the rotational constant
A does not affect the hitting cross sections and rate coeffi-
cients.

A. Thermal average rate coefficients

For many purposes, the entity of interest is the thermal
average

I'cD=[ S o(K)ky (J.K)

J.K=13n

Xexp[—E(J,K)/kT]]/q(T)

+ 3 0unk 00

JK #3n

xexp [ — {E(J.K) —E(l,l)}/kT]]/Qd(T),
(31)

TABLEIL Ratio k, (J,K)/k, for NH,. Parameter ¢ is defined by Eq. (30)
or (A7) and T'isin K.

in which o (J,K) is the statistical weight,!* E(J,K) is the
energy of the (J,K) level, and Q, (T) and Q,(T) are rota-
tional partition functions of the nuclear spin quartets and
doublets, respectively. Thermal averages for NH, and CH,F
have been obtained, the summations over J in the numera-
tors of Eq. (31) being truncated beyond J = 10 and J = 23,
respectively (which at the higher temperatures may cause an
error 3%-5%). For a given &, the difference between the
values for NH, and CH,F is quite small.

Su and Cheshavich? have found that the results of their
trajectory calculations on the rate coefficients for collisions
between jons and linear dipolar molecules may be represent-
ed by

kp/k, = 0.4T67£ + 0.6200, £>2. (32)

As may be seen from Table IV, this equation fits our results
on symmetrical top polar molecules satisfactorily, as Saki-
moto'® has observed, it fits his corresponding PRS results.
The excellence of the fit is unexpected in view of &, (J,K) at
fixed J increasing as X is increased and is certainly partly
fortuitous. At very low temperatures, the fit is rather better
for CH,F than it is for NH,, probably mainly because the
lower rotational constants ensure that a larger number of
rotational levels contribute appreciably to the rate coeffi-

TABLE III. Ratio &k, (J,K)/k, for CH;F. Parameter ¢ is defined by Eq.
(30) or (A7) and T'isin K.

E= 16 14 12 10 8 6 4
T= 135 176 239 346 538 960 215
JK kp (J.K) /K,

E= 16 14 12 10 8 6 4
T= 163 213 290 418 653 116 261
JK ko (LK) /Ky

10.7 10.1 933 844 740 617 473
476 476 475 469 455 425  3.68
664 634 602 567 526 471 3.93
259 267 276 286 294 297 285
3.62 351 342 336 330 321 2.98
640 595 549 502 452 396 327
1.66 173 1.83 194 207 219 225
241 235 230 229 231 234 234
422 395 368 342 318 292 262
584 540 495 450 405 357  3.02
1.33 137 143 150 160 173 1.85
1.82 177 173 1.73 1.75 1.82 1.90
297 275 255 236 222 212 207
422 387 352 318 28 258 234
545 497 449 401 3.55 310  2.68
1.09 .12 117 1.23 1.31 1.42 1.56
1.47 143 140 140 143 1.49 1.60
237 220 203 1.89 1.77 1.72 1.72
336 308 280 253 227 206 1.92
4.35 397  3.57 3.19 2.82 2.47 2.18
532 483 434 385 337 29 248

VLML LEBEDRERERWWLWWWRNNN = ~O
NMEAWN S ORWN=OWNRON=O=QOQ

16.8 15.1 13.4 11.6 9.71 7.81 5.87
12.8 12.0 10.9 9.79  8.49 7.04 5.46
13.7 12.7 115 10.2 8.78 7.23 5.56
9.66 9.29 8.79 8.13  7.30 6.27 5.04
10.1 9.68 9.09 836 7.46 6.38 5.10
11.6 10.9 10.0 9.06 7.96 6.70 5.27
7.39 7.56 7.30 692 6.39 5.42 4.40
71.72 7.56 7.30 692  6.39 5.65 4.68
8.56 8.11 7.60 6.99  6.27 5.42 4.40
9.94 9.29 8.57 775 683 5.79 4.61
5.82 5.85 5.82 569 543 4.97 4.28
6.04 6.03 5.96 5.80  5.50 5.02 4.31
6.71 6.57 6.38 6.12 573 5.18 4.40
1.76 7.44 7.08 6.65 6.12 5.43 4.54
9.06 8.54 7.99 737  6.65 5.79 4.75
4.70 4.78 4.84 483 472 4.45 3.95
4.86 4.92 4.94 491 478 4.49 3.95
5.37 5.33 5.26 515 495 4.60 4.04
6.18 5.99 3.79 556 5.24 4.80 4.15
7.20 6.85 6.49 6.10 5.65 5.07 4.31
8.31 7.82 7.31 6.76  6.15 5.42 4.51

VMU nphad W WWWLWRNODNN=—=Q
NME WD~ O W~ O WNON—~O~=OD
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TABLE 1V. Thermal average k,,/k, for NH, and CH,F as calculated by

adiabatic invariance methods and for linear dipolar molecules as given by
the parametric formula (32) of Su and Chesnavich (Ref. 2).

NH, CH,F

— — Linear
3 T(K) kp/k, T(K) kp/k, kp/k,
4 215 2.39 [2.50)* 261 2.55 2.53
6 96 3.35 [3.33] 116 3.60 3.48
8 54 4.33 [4.14] 65.3 4.62 4.43
10 346  5.33[4.74] 41.8 5.66 5.39
12 240  6.36 [5.12] 29.0 6.72 6.34
14 17.6  7.44 [5.36] 21.3 7.78 7.29
16 13.5  8.52[5.55] 16.3 8.84 8.25

*The entries in brackets refer to the fictitious planar NH, molecule.

cients. In consequence, the influence of the distinctive statis-
tical weight difference between symmetrical top and linear
molecules is less marked. To illustrate the effect of the low
rotational levels we obtained the thermal average for the
fictitious planar NH, system. The results are given in Table
IV. Note that in the low temperature limit, half of normal
NH,; is in (0,0) and half is in (1,1), these being the lowest
quartet and doublet levels. While the (1,1) level is also the
lowest doublet for planar NH;, the (0,0) level does not occur
and (1,0) is the lowest quartet.

As already noted the specific (J,K) rate coefficients are
independent of 4, but because the energy depends on 4 so do
the thermal averages. This is shown in Fig. 1. The linear

10 — T T T

& 10
S s :
-~
< g
4/ .
-~ - 6
3___,-:‘:"; _
”~
-, —— 4
lr '___,—
2 - -
,’
-
o
1+ —
o | i 1 Al J A | - Al
0.1 1.0 10.0

A/B

FIG. 1. Thermal average rate coefficients using B, @, and D for NH, (solid
curve) and CH,F (dashed curve) and varying rotational constant 4. These
are plotted parametric in £ = D /(2akT)*/? with the value of £ and kp, /%,
from Eq. (32) shown along the right-hand axis of the graph.
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TABLE V. Collision efficiencies k,/k,, deduced from reaction rates k, of

Marquette et al. (Ref. 20) and calculated values of K, /k; .

Reaction 163K 68 K 27K
He* + NH, 0.39 0.38
C* +NH, 0.62 0.57
N* + NH, 0.38 0.65 0.68
He* + H,0 0.18 0.29
C*+H,0 0.76 1.2
N* +H,0 0.90 0.93 1.04

molecule corresponds to A infinite and at the higher tem-
peratures, where the statistical weight effect is unimportant,
there is virtually perfect agreement between the linear mole-
cule results of Su and Chesnavich and our results for 4 large.
The dependence on A4 is rather slight in the region 4> B as
shown in Fig. 1, but for 4 < B it is quite pronounced. This
should be born in mind when using formula (32).

B. Comparison with measured rate coefficients

Marquette ef al.>° have used their CRESU technique to
determine the rate coefficients &k, for reactive collisions
between He*, C*, and N ions and NH; and H,O mole-
cules. Their results expressed as the collision efficiency
k,/k;, are given in Table V. The value of k,/k, was ob-
tained from our adiabatic invariance calculations in the NH,
case. It was obtained from Eq. (32) for the H,O case to test
whether this relation has any validity when the dipolar mole-
cule is an asymetric top. The rotational constant B was taken
to be the geometrical mean of the rotational constants asso-
ciated with the two principal axes perpendicular to the axis
of the dipole yielding 4 /B = 0.9. It is satisfactory that the
NH,; collision efficiencies are less than unity and for each
species of ion are effectively the same at the two lower tem-
peratures. The H,O results suggest that Eq. (32) is useful
even for asymmetric top dipolar molecules. There is need,
however, for further experimental data.
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APPENDIX: PARAMETRIZATION OF RESULTS FOR
SMALL v

In connection with interstellar cloud chemistry, it is of
interest to have general results for the low rotational levels.
Fortunately k,, (J,0) is identical with ., (J) for the linear
molecule with the same B, D, and a. Morgan and Bates?!
have already parametrized &k, (J) for J=0, 1, 2 and the
corrsponding cross sections. The absence of a dependence on
the rotational constant 4 makes a similar parametrization
for X 50 feasible.

For the sake of accuracy in fitting cross sections and rate
coefficients, calculations were perfomed at 400 values of the
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TABLE V1. Fitting coefficients for cross sections. The notation ( — #) means X 10",

J=1,K=1,p,=3

a: 9.142(~1)  —8.663(—2)  4.527(—2)

b: 2767(—1)  —7197(—2)  2.323(—3)
J=2,K=1,p,=3

a: 8223(—1)  —1488(—1)  5928(—2)

b: 1327( = 1) 1.285( —2) —1.051(—2)
‘ j=2K=2y,=3

a: 8.049( — 1) 7.743(=2) —2.903(—2)

b: 2381(—1)  —5.194(—2)  8.508( —4)

—6.714(—3)
7.734( — 4)

—6.628( — 3)

3.190( — 4)

— 5.746( — 5)

2.330( — 4)

1.140( — 3) —3.324(-5)
5.159( - 3) —2938(—4)
5.072( — 4) —3.093(—-5)

dimensionless radius x, defined by Eq. (8), on a logarithmic
mesh. The cross section for each value of (J,m,K) required
an average of 0.20 s, or 0.05 s per 100 mesh points, to com-
pute on a CRAY 1 computer. The number of values of
(J,m,K) for the range 0 <J <J,, is equal to (J,, + 1)
(Jmax +2) (4, + 3)/6. Test calculations have shown
that rate coeflicients of reasonable accuracy can be obtained
using only 50 to 100 mesh points, which reduces computa-
tion time substantially.

We have performed a large number of calculations of
cross section and rate coefficients for a wide range of param-
eters for (J,K) = (1,1), (2,1), and (2,2) and have parame-
trized them for ease of application. For each (J,m) a set of
cross sections was computed for seventeen values of y in the
range 0.35<y<355, where the dimensionless quantity y is
defined by

y=D/(aB)"? (Al)

=71.0D/(@B)'”, (A2)
where the tildes signal that D, @, and B are in 102 esu,
1072* cm?, and cm ™', respectively. Fourteen values of 7
were then chosen with 1<7<8200, the upper limit of 7 being
chosen so that Q=~Q; at this energy, and two parameter
least-square fits were made of Q /Q, (averaged over m val-
ues for each J) vs y for each 5. The functional form used for
the fitting is the same as that used by Su and Chesnavich? for
fitting ion-polar molecule rate coefficients. If y = y, is cho-

sen as the break point between a quadratic fit and a linear fit,
then the fitting function is

a+ by

B Y>Yo
0»)/QL = [(y +¢)/d + (1 —c*/d)

. A3)
y<Jbo (

Note that at y = y,, both the fitting function and its deriva-
tive are continuous. Because of this, ¢ and d can be expressed
in terms of a, b, and y, as follows,

by +2(a— 1)y,

3 A4
2(1—a) (A®)

d=y5/(1—a). (AS)
After the cross sections were fit in this manner for each 5, the
a and b coefficients appearing in Egs. (A3) and (AS) were
then fit by a least-square quartic polynomial:

5
a(n),b(n) =3 p,(Ing)“-", (A6)

f=1

where the p, are the polynomial coefficients shown in Table
V1. The rms error in the fitting is less than 3% and the largest
individual fitting errors, which occur for small % and small y,
are less than 10%. The range of y chosen covers most sym-
metrical tops.

Rate coefficients were also computed and fit with the
same functional forms used for the cross sections. Using the
dimensionless quantities

TABLE VII. Fitting coefficients for rate coefficients. The notation ( — 7) means X 10~ ",

J=1,K=1§=5

a: 9.637( —1)  —1.640(—1) —7.520(—3)

b: 4.116( — 1) 1057( —1)  —7.343(—3)
J=2,K=1§=5

a: 2175(—1)  —1473(—1) 3911( —2)

b: 2.486( — 1) 1.364( — 1) 7.159( — 3)
J=2,K=2§=5

a: 4.807( — 1) 3175(—3)  —2.562(—3)

b: 3.888( — 1) 1.101( — 1)  — 1.504( —3)

—4.235(-3)

—7.605( —3)

—6.057(—3)

1.461( —2) —3.004( —3)
1.226( —3)
1.131( - 2) — 3.662( — 3)
1.702( - 3)
9.948( — 3) —2.887(~3)
1.518( —3)
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200 T 1
=1

1

J
K

100}

sok

200

160 r

0
102 107 1 102
kT/B
FIG. 2. Temperature dependence of rate coefficients parametric in y = D/
(aB)'/?. Values of y shown are 2.8, 7.1, 14, 28, 57, 99, 142, 177, 213, 248,
284, 319, and 355.

103

B=kT/B=0.695T /B and £=60.2D/a'*T"?
(A7)

we were able to fit, in the same manner as we did the cross
sections, the rate coefficients £ (£)/k, for anumber of values
of with two parameters ¢ and 4. Here the break between
quadratic and linear fits is at £, instead of y,. The parameters
a() and b() were then fit by a quartic polynomial as in

Eq. (A6) with Binstead of 7. The coefficients of the polyno-
mials are tabulated in Table VII. A total of 306 values of
k /k, were used in the fitting with the temperature range
defined by 0.07 <8 5.1000. The range of £ covered, which
varies with 3, is determined by the range of y, 0.35<y<355,

and the value of 8. The rms fitting errors are less than 1%

with the maximum individual errors being about 20% for
the smallest £ and smallest 5. Graphs of k(8)/k, parame-

tric in y are shown in Fig. 2.
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