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The Feasibility of Using Neural Networks to Obtain
Cross Sections from Electron Swarm Data

W. Lowell Morgan

Abstract—Although still more a curiosity than an accepted technique
in computational modeling, the very new field of neural computing is
beginning to find applicati in physics. Pr is some background
on neural g and a di on the use of neural networks
to obtain electron-impact cross sections from measured drift velocities,
characteristic energies, and other swarm data. This is what is known as
an ‘‘inverse problem,” a class of problems for which neural networks
may be frequently superior to other numerical algorithms. Momentum

fer cross i btained for a model problem and for xenon using
a neural network are presented.

I. INTRODUCTION

HE use of theory to obtain collision cross sections from

electron transport data, one of the “‘inverse problems’’
of physics, was pioneered by Townsend and by Ramsauer in
the 1920’s. The method used in such early analyses involved
measuring the drift velocity of electrons in a gas as a function of
E/p (electric field strength divided by gas pressure) and inverting
the integral relating the drift velocity and the momentum transfer
Ccross section using an approximate expression for the energy
distribution of the electrons. This technique has increased in
sophistication over the years. In the 1960’s, Phelps and various
collaborators applied electronic computation to the problem
and developed algorithms for solving Boltzmann’s equation
for the transport of electrons in a weakly ionized plasma to
obtain an accurate electron energy distribution function valid
at higher fields and in the presence of inelastic and, even,
superelastic collisions. This began an era that has given us very
accurate momentum transfer and lower energy (rotational and
vibrational) inelastic cross sections that have been derived from
measurements of the drift and diffusion of electron swarms in
gases. This methodology is reviewed in [1]-[4]. This has become
an increasingly active field in recent years due, for example, to
the desire for cross-sectional data on molecules such as CH.,,
CF,, SFs, SiH,, and SiF, that are used in semiconductor plasma
processing and switching applications.

The cross sections are fundamental quantities depending only
on the energy of the incident electron and the particular initial and
final atomic or molecular states. The swarm parameters, such as
drift velocity, diffusion coefficients, and excitation coefficients,
are derived quantities, depending on the local environment of the
electron swarm. They are integrals over the product of a cross
section and the energy distribution f(e) of the electrons, which
is the solution to Boltzmann’s transport equation.

The process of inverting the swarm data to obtain cross sec-
tions has involved inserting cross-section models in the collision
terms of Boltzmann’s equation, calculating f(¢) and the swarm
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coefficients, altering the model cross sections, and iterating until
an acceptable match between measured and computed swarm’
coefficients is found. Clearly, this iterative process is very labor
intensive. The experience of the researcher plays an important
role, comparable to that of the specific computational techniques
used. The use of numerical optimization algorithms has been
investigated as a means of aid in obtaining cross sections from
electron swarm data. The desirability of such a procedure has
been noted by Garscadden [5]. The results obtained for He, Ar,
and CH, using conventional numerical optimization algorithms,
such as the creeping or downhill simplex and simulated annealing
[6], are presented elsewhere [7). In this paper is described the
use of a neural network to explore the mapping between swarm
coefficients and cross sections. Results are presented for a model
problem and for the xenon momentum transfer cross section.

The pertinent equations in this problem are Boltzmann’s
equation for electron transport in a gas and its energy integral,
which leads to the definitions of the various transport coefficients
for electrons in a gas. We can see how the various aspects of this
problem are related to each other by examining the so-called
two-term expansion of Boltzmann’s equation and the various
electron transport coefficients. If we take the general form for
Boltzmann’s equation:

(8/0t +v- vr + %E . V,,)f(r., v, t) = (Bf/at)collisxons (1)

neglect the spatial and temporal dependence of the distribution
function f(r,v,t), and express f = f(v) as the first two terms
of a spherical harmonic expansion, that is:

) = (o) + = £,(v) @

then we obtain (see [2 ] for details of the derivation) the following
scalar equation for fy(e)(where € = mv?/2):

%(eE/N)zd/de{s/am dfy/de} + d/de
{(2mon/M)E(fo(€) + kt dfo/de])}
+ Z [(e+e)oi(e+ &) fole+ &) — eoi(e) fole)] = 0. (3)

Here, we have assumed that the populations of the excited levels,
labeled by i, are small enough that superelastic collisions and
transitions among excited states are unimportant. The electron
impact cross sections involved are o,,, the momentum transfer
cross section, and {o;}, the set of cross sections for transitions
from the ground state to the various excited states i. This
equation does a remarkably good job of describing the transport
of electrons under the influence of an electric field in most gases.
This, or more a sophisticated version of it that goes beyond the
two-term expansion, is the equation that is repeatedly solved in
the iterative process, whereby one develops a set of cross sections
given a collection of transport coefficients.
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Boltzmann’s equation, via the probability density function
fole), is a microscopic description of the behavior of electrons in
a gas. We need to relate fo(€) to some macroscopic quantities that
can be measured. The two most commonly measured transport
coefficients are the drift velocity, vy, and the tranverse diffusion
¢ wificient, Dy, which are related to fy(¢) and the momentum

:::ier cross section, o, (€) by the following:

w [lnEl We/dcede, Dr = [lom(O) flerde.

@
We see that the drift velocity and diffusion coefficient sample
different aspects of f(e¢) and hence represent two somewhat
independent pieces of information. Generally, the quantity Dr /u,
the characteristic energy, is reported in the literature rather than
D itself. For a Maxwellian distribution of electrons, where
+ ~ exp(—¢/kT,) for which an electron temperature, T,
.z o defined, Einstein’s relation Dr/pu = kT, =2 < e > /3
holds. Since the mean electron energy < ¢ > is not a measure-
able quantity (it is usually computed by solving Boltzmann’s
equation), the characteristic energy is generally the only measure
of electron energy that we have. We see that comparison with
measured Dr/p values gives us another constraint on the cross
sections as does comparison with measured rate coefficients
k.~ [ 0.(€) fo(€)ede and spectral data where they are available.
The relationship between the cross sections and the transport
o2 #ficients via the distribution function f(¢) is highly nonlinear.
. have a mapping:

va(E/N) } )

Om (€

{Gnt= {D/“(E/N)
' {k:(E/N)}
and we want to find the reverse mapping, given the transport
data. It has been claimed in the literature (see {8], for example)
that the reverse mapping may not be unique. It seems likely that
the more transport data we have available, the more likely it is

that the reverse mapping is going to be unique.

‘here are numerous techniques [6], [9], [10] that might be
used in inverting electron transport data to obtain a collision
cross section. The use of conventional numerical optimization
algorithms is described elsewhere [7]. Artificial neural networks
(ANN’s), which are still more a curiosity than an accepted
technique in computational modeling, do not fit into any of the
usual categories for numerical algorithms. This approach is very
new and largely unknown in applications to physical problems.
Initially the author applied the technique to a model problem and
then extended it to estimate the momentum transfer cross section

* xenon from the measured drift velocities and characteristic
. ::rgies of electrons in xenon.

II. NeuraL NETWORKS

Neural networks [11]-{14], which consist of layers of sim-
ulated “‘neurons’’ with associated activation functions, transfer
functions, and weighting functions for the ‘‘synapse’’ connec-
tions to other neurons, have been shown [10], [12], [15], [16]
to be capable of computing decisions in optimization problems.
Such networks have a ““learning’’ capability in that the weights

sociated with connections between pairs of neurons can be
r.odified (strengthened or weakened) in response to the network’s
successes and failures so as to optimize in favor of the network’s
successful strategies. Jeffrey and Rosner [16] find neural net-
Works to be much faster at function minimization and solving an
integral equation than simulated annealing and to be competitive
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with the conjugate gradient algorithm. Aarts and Korst [17] have
found that on some graph problems, the neural network approach
is from 20 to 400 times faster than the simulated annealing
method, another optimization algorithm.

One kind of neural network consists of a network of layers of
simulated neurons as shown in Fig. 1. The key elements are an
input layer, one or more ‘‘hidden’’ layers, and an output layer.
Each neuron has a transfer function associated with it that gives
an output value that is some nonlinear function of the sum of
the input values, and each pair of neurons has a weight value
associated with it. The hidden layers give the network a high
degree of nonlinearity and, from the point of view of the network
as a pattern matcher, provide an internal representation of the
correlation between the input and output patterns. The concept
behind this kind of network (feed-forward, back-propagation) is
that it can “‘learn’ to associate a set of output patterns with a set
of input patterns by adjusting the weights that connect together
the network of nonlinear devices. One might also think of a neural
network as a highly flexible, many parameter interpolation and
hence extrapolation algorithm.

The usual transfer function used in such networks is the
sigmoid T(z) = 1/(1 + e~*) (there is an equivalent arctan
function also). If the output of a neuron j is o, and w;; is the
weight connecting neurons ¢ and j, then the output of neuron
1 is: /

‘Z‘”w":
o;:T(Zw,‘joj> =1/(1+e J ) (6)

where the sum is over all neurons j having outputs that feed into
neuron ¢. The network is trained by running a number of cases of
known {input,output} sets through it and adjusting the weights to
minimize the sum of the squares of the differences between the
desired result and the computed result. This quadratic function is
the so-called energy, cost, or objective function. The weights are
adjusted using what is known as the generalized delta rule [14],
[18]. The energy function, E, can be written:

E=Y Sl - o) ™

where t;(p) is the value of the training output for output neuron
¢ and training data set p; and o;(p) is the corresponding network
output. E' is minimized using an iterative procedure whereby the
weights w;,; are adjusted according to:

Awy; =Y e6i(p)o;(p) ®

P

where 6,(p) = [t:(p)— 0:(p)]o:(p)[1 ~ 0:(p)] for output layer neu-
roms, and 6;(p) = 0:(p)[1 — 0:(p)] I_ w:;6;(p) for hidden layer

neurons. The parameter ¢ is called {hc training rate coefficient.
The weights are adjusted, starting with the neurons in the output
layer and moving back a layer at a time toward the input layer.

The ANN will assimilate and correlate data given it in the
process of “‘training’’ so that when given input vectors outside
of the training set, it will produce reasonable values for the
corresponding output vectors. The matrix of weights, w;; clearly
represents the mapping between the set of input vectors and the
set of output vectors.
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Fig. 1. Three-layer feed-forward, back-propagation neural network. The

neurons, denoted by circles, in a given layer operate via a transfer function on
the weighted sum of the output from neurons in the previous layer to produce
an ouput signal that is passed on to the neurons in the next layer. That is,

0; = T(E’-"t’i"j)
7

A. Application to the Problem of Obtaining Cross
Sections from Swarm Data

In order to explore the feasibility of using neural networks
on this problem, the author has used a commercial neural net
simulator called BRAINMAKER [19]. This is one of a number of
such commercially available programs (see [20] and [21)). In this
case, the input neurons represent swarm coefficients as functions
of E/N, and the output neurons represent the momentum transfer
cross section as a function of electron energy. The neural network
is schematically diagrammed in Fig. 2.

Initially the author chose to study a model problem. The
two obvious examples to use as models are those of electrons
drifting in a gas having either constant collision frequency or
constant cross section. Here, the electron energy distributions are
Maxwell-Boltzmann and Druyvesteyn, respectively, with easily
calculable £/N dependent drift velocities. Any method should
be able to use the v, (E/N) curve and the appropriate fy(¢)
and recover ¢ = 1y or 0 &= o, respectively, for these
two special cases. The author investigated the capability of the
neural network to reproduce the constant collision frequency
cross section, o = g,/ /€ using the drift velocity, vy (E/N) and
characteristic energies D/u (E/N) associated with that cross
section. The resulting electron energy distribution functions,
fol€),v4, D/, and < € > are all analytic functions [22]).

The author wrote a program to generate cross-section sets of
the form o(€) = g,/€”, where o, and p are chosen from uniform
random numbers in (107", 10™™) and (0,1) respectively, and
then compute for a range of E/N the distribution function f(e)
and the associated drift velocities, vy, and characteristic energies,
D/u. He then set up a training set for BRAINMAKER that
consisted of the sets {v} and {D/u} for ten values of E/N and
the cross section o (e) at nine energies from which the swarm data
were computed. The input layer of the network then consists of
20 neurons, one for each value of va(E/N) or D/u(E/N). The
output layer comprises 9 neurons, one for each cross section
point o(e;), i=1 to 9. The network has two hidden layers of
25 neurons each. The network is summarized in Table I. The
training tolerance was 5%, meaning that for the network to be
acceptable the cost/energy/objective function of the difference
between the {o(€)} defined by the values of the output neurons
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Fig. 2. Schematic diagram of the relationship between the swarm data input,
the neural network, and its cross section ouput.

TABLE I
Layer Neurons Weights
1 20 0
2 25 525
3 25 650
4 9 234

and the “‘data’’ given to the network as part of the training pattern
had to be less than or equal to 0.05.

Once the network was “‘trained’” it was given another file
of sets {vy} and {D/u} corresponding to different sets {o(€:)}
computed with random o, and p to see what it predicted for the
cross sections. These results are shown in Fig. 3 for the three
best (out of 11) cases. These illustrate several things: First, the
results denoted by the circles are very good. They all diverge at
high energy, because the highest £/N that was used (3.0 Td)
was too small for v, and D/u to be adequately sensitive to the
high energy part of the cross section. In addition, it was observed
that the results for large cross sections are generally better than
the results for small cross sections. The author thinks that this
is due to a numerical range problem with BRAINMAKER that
is attributed to its being single precision; it was not really
designed for computation on scientific problems where the range
of numbers to be dealt with may cover many orders of magnitude.

B. Application to a Real Gas

In order to test the feasibility of using this kind of
neural network to find the pattern in the mapping between
{va(E/N), D/u(E/N), etc.} and {o(e)} BRAINMAKER was
trained on 25 sets of {vy(E/N),D/u(E/N)} data for cross
sections of the form: o(e) = o, ¢, where —1 < p < +1.Thatis,
we have some cross sections that increase with energy, and some
that decrease with energy. The author then constructed an input
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Neural network results for the model problem. The filled symbols are the cross section ‘‘data’” of the form, o(€) = oo/ P from which the

swarm parameters were computed that were fed into the network, and the open symbols are the output from the network. The values of (do,p) are:

Circles, (90, 0.49); triangles, (48, 0.12); squares, (36, 0.31).

set for Xe with {vg(E/N)} from Hunter, et al. [23] and {D/u
(E/N)} from Koizumi, et al. [24]. Unfortunately, neither paper

-esented both drift velocity and characteristic energy data. It was
:und that a reasonable result was obtainable with a network of
only three layers (see Table II). How many neurons and layers
one needs for a given problem is discussed in the concluding
section.

The cross section that the neural network returned in the
output layer for xenon in the energy range around the Ramsauer
minimum is shown in Fig. 4, along with the om(e) from
{23]-{25]. These author’s results were derived from either drift
velocity or characteristic energy measurements. We see that
¢ neural network gives a respectable estimate of the cross
.:ction, even though the number of E/N values is small and
the energy grid is very coarse. This is a stringent test, because of
the Ramsauer minimum; the cross section is not monotonically
decreasing or increasing, as are the training data.

1. CoNCLUSION

The use of an artificial neural network as an optimization
technique for treating the inverse problem of obtaining electron
sollision cross sections from electron transport data has been

‘plored. The neural network approach to problems such as
ttiese is very new and has not yet had much application to the
problems of applied physics. This approach has demonstrated
some capability in addressing the swarm data inversion problem.

The author believes that the neural network approach is worthy
of further exploration. The next step would be to write a
network for this problem with larger numbers of neurons (the
input and output of version 1.5 of BRAINMAKER used in
these calculations was very tedious, which is why such a small
number of input and output neurons were used); double precision
rithmetic; a capability for having different transfer functions
‘st different layers; allowing different convergence criteria for
different energy ranges; and, perhaps, using the Boltzmann
training algorithm [14], [26], [27], which is an application
of simulated annealing to adjustment of the weights of the
connections in the network. Such a network is called a Boitzmann

TABLE 11
Layer Neurons Weights
1 18 0
2 20 380
3 9 189

machine and has the capability of escaping a local minimum in
the energy function should the network settle into one.

There is little in the way of previous experience in applying
neural networks to the problems of physics to serve as guidence
in constructing neural networks for problem such as this. One
finds in the literature rules of thumb, such as rarely needing
more than two hidden layers or using for the number of hidden
layer neurons the average of the number of input layer and ouput
layer neurons. There are numerous training algorithms that take
varying amounts of processor time and memory, but the only
way of determining which ones work best is to try them. The
calculations in this paper were performed on a 25 MHz 80386/87
personal computer. Typical training times were between a half
hour and an hour, which, depending on the number of neurons in
the network, corresponds to hundreds to several thousand cycles
through the set of training data. Of course, for a given input
the computation of the network output takes only a fraction of
a second.

It would be interesting to investigate how a neural network
would perform when trained on a completely artificial data set
(probably using more sophisticated functions for the training
cross sections than [ have used here), as compared to training by
feeding it a large set of data on real atoms and molecules. There
is also the issue of how well a neural network will perform for a
molecule having a momentum transfer cross section and one or
more inelastic cross sections. This problem has been addressed
[7] using more conventional optimization algorithms and has
given very encouraging results for the momentum transfer cross
section and a vibrational excitation cross section in CHa.
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Fig. 4. Xe momentum transfer cross section. The filled circles are the output from the neural network; the open triangies are from Hunter ez al. [23]; the

open circles are from Koizumi et al. [24]; and the filled triangles are from Frost and Phelps [25].

Ultimately, we may find that a neural network is a good means
of getting a rough estimate of a cross section o(e) that can then
be refined using another numerical optimization algorithm. The
conventional wisdom has been that neural networks are useful
for only very rough solutions and not for accurate scientific
calculations, but some authors, such as Lapedes and Farber [18]
refute that point of view. Indeed, the claim has been made
[28] that neural networks are ‘‘formally capable of solving any
conventional computational problem.”” As this area of research is
very much in its infancy, we can expect many new developments
in the understanding of neural networks and in their applications
to the problems of physics in the future.
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